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1. Introduction

Throughout this paper A, B are positive invertible operators on a com-
plex Hilbert space (H, (-, -)). We use the following notations for operators

AV,B:=(1—-v)A+vB,
the weighted operator arithmetic mean,
Al B = AL (A_l/QBA_1/2>VA1/2,
the weighted operator geometric mean and
ALB = (1-v) A +vB )

the weighted operator harmonic mean, where v € [0, 1].
When v = %, we write AV B, AtB and A!B for brevity, respectively.

The following fundamental inequality between the weighted arithmetic,
geometric and harmonic operator means holds

(1) Al,B < A$,B < AV, B
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for any v € [0, 1].

For various recent inequalities between these means we recommend the
recent papers [2]-[5], [7]-[10] and the references therein.

In this paper we establish some upper and lower bounds for the differ-
ence AV, B — A!l,B for v € [0, 1] under various assumption for the positive
invertible operators A, B. Some applications when A, B are bounded above
and below by positive constants are given as well.

2. Main results

We have the following result:

Theorem 1. Let A, B be positive invertible operators. Then for any
v € [0,1] we have

(2) rA(B—A) A" (B—A)(B+A) 4
< AV,B - A!,B
<RAB—-A)A"(B—A)(B+A) "4,
where r = min{v,1 — v} and R = max{v,1 —v}.

Proof. Recall the following result obtained by Dragomir in 2006 [6]
that provides a refinement and a reverse for the weighted Jensen’s discrete
inequality:

(3) nj min  {p;} %ZCI)(CCJ) - %ij
ot

<= p®(zy) - @ ;n > i

j=1 j=1

je{1,2,....,n}

1 & 1 &
<n_max Api} | =D @) =@ = ay ],
i=1 i=1

where ® : C — R is a convex function defined on convex subset C of

the linear space X, {xj}je{m .n} are vectors in C' and {pj}je{m .} are

nonnegative numbers with P, = Z;LZI p; > 0.
For n = 2, we deduce from (3) that

(4) 2min {v,1 — v} [‘I)( _ & <x+y>
<v®(z)+(1-v)®(y) — vz +(1-
< 2max{r,1 - v} [‘I’(ﬂf D(y) q)(ery)]
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for any z,y € C and v € [0, 1].

If we write the inequality (4) for the convex function ®(x)
then we have

-1

=5, x>0,
11
2r<$+y— 2 )SV—Fl_V
2 T+y T
1.1
<2R ey 2
- 2 T+y

for any =, y > 0 where r = min{r,1 — v} and R = max {v,1 — v}.
Ifwetakey:%,:c:

(5)

1

5 in (5), then we have

b+a 2
2 - <
(6) r( 5 +(11>_

1
b

vb+(1—v)a— (vb'+(1-v) a_l)_l

forany a,b > Oand v € [0, 1] where r = min{v,1 — v} and R = max {v,1 — v}.
Since

bta 2 bt+a 2ab _l(b—a)2
2 14l 2 b+a 2 a+b

hence by (6) we have

(b—a) -1 1y -1 (b—a)?
M - <vb+(1-v)a—(wb'+(1-v)a') <R P>
for any a,b > 0 and v € [0, 1].

This is an inequality of interest in itself.

If we take a =1 and b=t in (7), then we get

(8)

rt—12t+1) P <vtHl—v— (vt 1 —v)

<RE—-1)*t+1)"
for any t > 0.

If we use the continuous functional calculus for the positive invertible
operator X we get
9 r(X-D*X+D'<vX+Q-)I—- X +1-v)I)”

1
<RX-D*(X+1n".
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If we write the inequality (9) for X = A~Y/2BA~1/2 then we get

2 -1
(10) r <A—1/213A—1/2 - 1) (A_1/2BA_1/2 n I)
<VvATYV2BATVZ 4L (1-0)1

1 -1
- <y <A*1/2BA*1/2) +(1-v) I)
2 ~1
<R(ATV2BATV2 1) (A72BATY 4 )
If we multiply the inequality (10) both sides with A'/2, then we get

2 -1
(1) A2 (ATPBATR o) (ATBATR 4 T) AV
<vB+(1-v)A

. -1
_ A2 <y (A‘l/QBA_1/2> r(1-v) I> AL?

< RAV? (A*WBA”/? — 1)2 (A*1/2BA*1/2 + I) Az,

Since
1 -1
A2 <1/ (A*1/2BA*1/2) +(1—-v)1) AY?
_ AL/2 (VA1/2B 141/2 4 I) ! AL/2
— AV (A2 (VBT 4 (1= ) AT 1)A1/2) AV
— Al/2 <A1/2 (VB T (1—v) A 1) A1/> AL/2
— AV2AT2 (uBT 4 (1—v) A7) T AT2AY2 = AL B
and

AL/2 <A*1/2BA’1/2 _ I>2 (Afl/ZBAfl/Q i _,)_1 AL/2

_ Al/2 (A*1/2 (B — A) A71/2>2 (Afl/Q (B + A) A*1/2>_1A1/2
= AV2ATYE(B — A) ATHPATY2 (B - A)

« A-1/241/2 (B—i—A)_l AL/2 A1/2
—AB-A)A ' (B-—A)(B+A) A,

then by (11) we get the desired result (2).
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Remark 1. Since, as above,
2(AVB—AB)=A(B—A)A'(B—A)(B+A) 4
then (2) can be written as
(12) 2r (AVB — AlB) < AV, B — Al,B <2R(AVB — A!B)

The first inequality in (12) was obtained in [10].

We observe that, if v = 3, (2) becomes equality.

When some boundedness conditions are known, then we have the follow-
ing result as well.

Theorem 2. Let A, B be positive invertible operators and M > m > 0
such that

(13) MA> B >mA.
Then for any v € [0, 1] we have
(14) rk(m, M)A < AV,B — Al,B < RK (m,M) A

where r = min {v,1 — v}, R = max{r,1 — v} and the bounds K (m, M) and

k(m, M) are given by

(m—1)2%(m+1)"" if M <1,

max {(m -1D*m+171,
(M—U%M+m*}qmglgM

(M—-1*M+1)"" if1<m

(15) K(m,M):=

and

(M—-1)2*(M+1)"" if M<1,
(16) kE(m,M):=<0 if m<1<M,
(m—-1%*m+1)"" if 1 <m.

In particular,
1 1
(17) ik(m,M)ASAVB—A!BS iK(m,M)A.
Proof. As in the proof of Theorem 1 we have

(18) ro(t) <vt+1—v— (vt +1-v)" < Rp(t)
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for any t > 0, where ¢ (t) = (t —1)*(t+1)"*
If we take the derivative of ¢, we have

Pty =20-1)t+1)"" =+t —1)
=(t—-1)(t+1D)220+1)—(t—1)]
= (t—1)(t+1)"2(2t+3)

for any t > 0.

We observe that the function ¢ is decreasing on (0, ) and increasing on
(1,00). We have ¢ (0) =1, ¢ (1) =0 and lim;_o0 0 () =
Using the properties of the function ¢ we have

e(m)if M<1,
max ¢ (t) =< max{p(m),o (M)} if m<1<M, =K (m,M)

tem, M] o (M) if 1<m,
and
o (M) if M <1,
min ¢(t)=4q0if m<1<M, =k(m,M).
te[m,M]

e(m)if 1<m,

From (18) we have
(19) rk(m,M)Sut+1—u—(vt*1+1—l/)_1SRK(m,M)

for all t € [m, M].
If we use the continuous functional calculus for the positive invertible
operator X with mI < X < M1, then we have

(20) rk(m, M)T < vX +(1—v)T— X ' +(1—-v)I)""

< RK (m,M)1I.

If we multiply (13) both sides by A=1/2 we get MI > A~Y/2BA~1/2 > mI.
By writing the inequality (20) for X = A~'/2BA~1/2 we obtain

(21) rk(m, M) I < vA™YV2BA™Y2 4 (1 —v) 1
1 -1
_ (V (A—l/QBA—l/Q) +(1—l/)[>
< RK (m, M) 1.

Finally, if we multiply both sides of (21) by A/ we get the desired result
(14). [ |
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Remark 2. Since ¢ (t) € [0,1] for ¢ € [0,1], then B < A implies that
(0<)AV,B — Al,B < RA
for any v € [0, 1]. In particular,
(0<) AVB — AIB < %A.

We also have:

Theorem 3. Let A, B be positive invertible operators. Then for any
v € [0,1] we have

(22) (0<)AV,B — A!,B
<v(l-v)(B-A)A'(B-A4)(B'+4 1A
1

< (B-4) AN (B-A) (B +4AA
Proof. In [1] we obtained the following reverse of Jensen’s inequality:

<(A-v)f(@)+vf(z) - f(1-v)r+vr)
<v(l—-v)(y—=)[f (v) - [ ()]

for any x, y € I and v € [0,1], provided the function f: I C R — R is a
differentiable convex function on I , the interior of the interval I.

If we write the inequality (23) for the convex function ®(z) = 1, z > 0,
then we have

1—v 1

v 1 1
(24) §+ x _I/y+(1—u)xSy(l_yﬂy_x)(a:?_y?)

(23) 0

for any z, y > 0.
If we take y = % and z = % with a,b > 0 in (24), then we get

vb+ (1—v)a— (Vb*1+(1—y)a*1)_1 <v(l-v) <2—i) (a* —b%)

namely,

(b—a)?

(25) wvb+(1—v)a—(vb'+(1-v) ail)_l <v(l-v) o

for any a, b > 0 and v € [0,1].
This is an inequality of interest in itself.
If we take a = 1 and b =t in (25), then we get

vi+l—v— (! +1—0)  <v(1 =) (t—1)% (14t
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for any ¢t > 0.
If we use the continuous functional calculus for the positive invertible
operator X we get

(26) VX +(1—v)I— X '+ (1—v)D)"

<v(l-v)(X -1 (X'+1).
If we write the inequality (9) for X = A~Y/2BA~1/2 then we get

0 -1
(27) vAV2BAY? (1)1 - <y (A_I/QBA_1/2> +(1-v) 1)

2 -1
gL41—u)Q44ﬂBAfU2—I) <Q¢4ﬂBA—Uﬂ +I>,
and v € [0,1].
If we multiply the inequality (10) both sides with A'/2, then we get
(28) AV,B — Al B
2
<v(l-v)A? (A—l/?BA—l/2 - I)
% (<A1/23A1/2>_1 4 I) A2,
and since
AL/2 (Afl/QBAfl/Z _ I)2 <<A1/QBA1/2)_1 I I> AL/2

= AY2ATV2(B - A)
> A—I/QA—l/Q (B o A) A—1/2A1/2 (B—l +A_1) A1/2A1/2
=B-A)ATB-A)B'+AHA

hence from (28) we get the desired result (22).
The last part is obvious from the fact that v (1 —v) < 1, v €[0,1]. W

We also have:

Theorem 4. Let A, B be positive invertible operators and M > m > 0
such that the condition (13) is valid. Then for any v € [0, 1] we have

(29) (0<)AV,B-A,B<v(l—v)L(m,M)A
where
(m—121+m™Y) if M<1,
max {(m —1)? (1+m™1),
(M=1° (14 M)} if m<1<M,
(M—-1*(1+M7Y) if 1<m.

(30) L(m,M):=
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In particular,
(31) (0 <) AVB — AIB < iL (m, M) A.
Proof. As in the proof of Theorem 3 we have
(32) Vt—i—l—y—(ut_l—i—l—y)_lgy(l—y)w(t)

for any t > 0 and v € [0,1], where ¢ (t) = (t — 1)? (1+¢71).
If we take the derivative of v, we have
W) =20 —1) 1+t —(t—1)%t2
t-1)2+27 -t +¢72)
t—1) 2+t +t7?)

for any t > 0.
We observe that the function 1 is decreasing on (0,1) and increasing on
(1,00). We have lim;_,o4 ¢ (t) = 00, ¢ (1) = 0 and lim;_,o ¢ (t) = 0.
Using the properties of the function 1 we have

b(m) if M <1,
max ¢ (t) = { max{y (m),¢ (M)} if m<1<M, =L(m,M).
telm, M] (M) if 1<m,

Therefore, by (32) we have
vt+1—v— (vt —i—l—u)_l <v(l-v)L(m,M)

for all t € [m, M] and v € [0,1].
By utilizing a similar argument to the one in the proof of Theorem 2 we
deduce the desired result (30). [ |

3. Applications

For two positive invertible operators A, B and positive real numbers m,
m’, M, M’ assume that one of the following conditions (i) 0 < mI < A <
m'l < M'I <B< MIand (ii) 0 <mlI < B<m'I <MI<A<MI,
holds. Put h := % and b/ := % We observe that h, A’ > 1 and if either of
the condition (7) or (i7) holds, then h > h'.

If (i) is valid, then we have

!
(33) A<h’A:%,A§B§%A:hA,
m m
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while, if (4¢) is valid, then we have

1 1
4 A< B<-A<A.
(34) FASB< A<

Proposition 1. Let A, B positive invertible operators and positive real
numbers m, m', M, M’ such that the condition (i) holds. Then for any
v € [0,1] we have
(35) r(h =1)* (W +1)""A < AV,B - Al B

< Rh-1*nh+1)""4,

where r = min{v,1 — v}, R=max{r,1 —v} and

(36) AV,B—A,B<v(l-v)(h—1)*(1+nr7") A
In particular, we have
(37) % (W —1)*(W+1)""A4 < AVB - AIB
< S—12 (1) A
and
(38) AVB - AIB < i (h—1(1+h") A

The proof follows by utilizing the inequality (33), Theorem 2 and Theo-
rem 4.

Proposition 2. Let A, B positive invertible operators and positive real
numbers m, m', M, M’ such that the condition (ii) holds. Then for any
v € [0,1] we have
39) r(W=1)*(W+1)" (W) A< AV,B - AL B

< R(h—=1)*(h+1)" 4,

and
(40) AV,B—ALB<v(l-v)(h—1)*(1+h ) h 1A
In particular, we have
(1) (1) (W +1)7 (1) A < AVB- AIB
< % (h— 12 (h+1)""h 14,
and

(42) AVB — AIB < % (h—1)>(1+h ) b A
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The proof follows by utilizing the inequality (34), Theorem 2 and Theo-
rem 4.
If we consider the function D (z,y) : [1,10] x [0,1] — R,

D(xy)=y(l—y) (1+27") —max{y,1 -y} (x+1)""

then the plot of this function in Figure 1 shows that it take both positive and
negative values, meaning that some time the upper bound for the quantity
AV, B — Al, B provided by (35) is better and other time worse than the one
from (39).

-0.3

- 0.4~

-0.5+

02 g

06 6 5 432
5 0.8]0987\_

Figure 1. Plot of the difference function D (z,y)

References

[1]

2]

DRAGOMIR S.S., A note on Young’s inequality, Rev. R. Acad Cienc. Ezxactas
Fis. Nat. Ser. A Mat. RACSAM, 111(2)(2017), 349-354, Preprint RGMIA Res.
Rep. Coll. 18(2015), Art. 126., http://rgmia.org/papers/v18/v18a126.pdf.
DRAGOMIR S.S., Some new reverses of Young’s operator inequality, Preprint
RGMIA Res. Rep. Coll., 18(2015), Art. 130, http://rgmia.org/papers/v18
/v18a130.pdf.

DRAGOMIR S.S., On new refinements and reverses of Young’s operator in-
equality, Preprint RGMIA Res. Rep. Coll., 18(2015), Art. 135, http://rg-
mia.org/papers/v18/v18al35.pdf.

DRAGOMIR S.S., Some inequalities for operator weighted geometric mean,
Preprint RGMIA Res. Rep. Coll., 18(2015), Art. 139, http://rgmia.org/pa-
pers/v18/v18a139.pdf.

DRAGOMIR S.S., Some reverses and a refinement of Holder operator in-
equality, Preprint RGMIA Res. Rep. Coll., 18(2015), Art. 147, http://rg-
mia.org/papers/v18/v18a147.pdf.

DRrRAGOMIR S.S., Bounds for the normalized Jensen functional, Bull. Austral.
Math. Soc., 74(3)(2006), 417-478.

FuruicHI S., Refined Young inequalities with Specht’s ratio, J. Egyptian
Math. Soc., 20(2012), 46-49.

FuruicHI S., On refined Young inequalities and reverse inequalities, J. Math.
Inequal., 5(2011), 21-31.



54 S. S. DRAGOMIR

[9] Liao W., Wu J., ZHAO J., New versions of reverse Young and Heinz mean
inequalities with the Kantorovich constant, Taiwanese J. Math., 19(2)(2015),
467-479.

[10] Zuo G., SHI G., Fuiit M., Refined Young inequality with Kantorovich con-
stant, J. Math. Inequal., 5(2011), 551-556.

S.S. DRAGOMIR

MATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE

VICTORIA UNIVERSITY, PO Box 14428
MELBOURNE CiTY, MC 8001, AUSTRALIA
AND
SCHOOL OF COMPUTER SCIENCE & APPLIED MATHEMATICS

UNIVERSITY OF THE WITWATERSRAND

PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA

e-mail: sever.dragomir@vu.edu.au

Received on 11.10.2018 and, in revised form, on 12.12.2018.



